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Àííîòàöèÿ
Ïðîâåäåíî èññëåäîâàíèå ñõîäèìîñòè êîíå÷íîýëåìåíòíûõ ñõåì äëÿ ñòàöèîíàðíûõ çà-
äà÷ îá îïðåäåëåíèè ïîëîæåíèÿ ðàâíîâåñèÿ ìÿãêèõ ñåò÷àòûõ îáîëî÷åê ïðè íàëè÷èè ìàñ-
ñîâûõ ñèë è ñëåäÿùåé ïîâåðõíîñòíîé íàãðóçêè. Ïðåäïîëàãàåòñÿ, ÷òî îáîëî÷êà â ïåðåìå-
ùåíèÿõ îãðàíè÷åíà ïðåïÿòñòâèåì. Äîêàçàòåëüñòâî ñõîäèìîñòè êîíå÷íîýëåìåíòíûõ ñõåì
îñíîâàíî íà ïîñòðîåíèè èòåðàöèîííîãî ìåòîäà ðåøåíèÿ êîíå÷íîìåðíîé àïïðîêñèìàöèè
êâàçèâàðèàöèîííîãî íåðàâåíñòâà, âîçíèêàþùåãî ïðè ìàòåìàòè÷åñêîé îðìóëèðîâêå ðàñ-
ñìàòðèâàåìîé çàäà÷è.
Êëþ÷åâûå ñëîâà: êâàçèâàðèàöèîííûå íåðàâåíñòâà, ìÿãêàÿ ñåò÷àòàÿ îáîëî÷êà, ìå-
òîä êîíå÷íûõ ýëåìåíòîâ, èòåðàöèîííûå ìåòîäû.
Ââåäåíèå
Â íàñòîÿùåé ðàáîòå ïðîâåäåíî èññëåäîâàíèå ñõîäèìîñòè êîíå÷íîýëåìåíòíûõ
ñõåì äëÿ ñòàöèîíàðíûõ çàäà÷ îá îïðåäåëåíèè ïîëîæåíèÿ ðàâíîâåñèÿ çàêðåïëåí-
íûõ ïî êðàÿì ìÿãêèõ áåñêîíå÷íî äëèííûõ öèëèíäðè÷åñêèõ îáîëî÷åê, íàãðóæåí-
íûõ ìàññîâûìè ñèëàìè è ñëåäÿùåé ïîâåðõíîñòíîé íàãðóçêîé è ïðè íàëè÷èè âî-
ãíóòîãî ïðåïÿòñòâèÿ (ñì. [1, 2℄). Ñîðìóëèðîâàíà âàðèàöèîííàÿ ïîñòàíîâêà çàäà-
÷è, íà îñíîâå êîòîðîé ââåäåíà îáîáùåííàÿ ïîñòàíîâêà â âèäå êâàçèâàðèàöèîííîãî
íåðàâåíñòâà â ïðîñòðàíñòâå Ñîáîëåâà. àíåå â [3℄ áûëî ïðîâåäåíî èññëåäîâàíèå
ñõîäèìîñòè êîíå÷íîìåðíûõ àïïðîêñèìàöèé äëÿ àáñòðàêòíûõ êâàçèâàðèàöèîííûõ
íåðàâåíñòâ â áàíàõîâûõ ïðîñòðàíñòâàõ ïðè âûïîëíåíèè ðÿäà óñëîâèé íà àïïðîêñè-
ìàöèþ ìíîæåñòâ, ó÷àñòâóþùèõ â îðìóëèðîâêå êâàçèâàðèàöèîííîãî íåðàâåíñòâà.
Â íàñòîÿùåé ðàáîòå óñòàíîâëåíî, ÷òî äëÿ ðàññìàòðèâàåìîé çàäà÷è òåîðèè ìÿã-
êèõ ñåò÷àòûõ îáîëî÷åê âûïîëíåíû óïîìÿíóòûå óñëîâèÿ íà àïïðîêñèìàöèþ ìíî-
æåñòâ. Îòìåòèì, ÷òî äîêàçàòåëüñòâî ñõîäèìîñòè êîíå÷íîìåðíûõ àïïðîêñèìàöèé
â [3℄ îñíîâàíî íà èñïîëüçîâàíèè èòåðàöèîííîãî ìåòîäà (ñì. [4℄) ðåøåíèÿ êâàçèâàðè-
àöèîííîãî íåðàâåíñòâà. Ïîýòîìó àêòè÷åñêè ïðåäëîæåíû ïðèáëèæåííûå ìåòîäû
ðåøåíèÿ êâàçèâàðèàöèîííûõ íåðàâåíñòâ òåîðèè ìÿãêèõ ñåò÷àòûõ îáîëî÷åê, îñíî-
âàííûå íà êîíå÷íîýëåìåíòíîé àïïðîêñèìàöèè êâàçèâàðèàöèîííîãî íåðàâåíñòâà ñ
ïîñëåäóþùèì ïðèìåíåíèåì èòåðàöèîííîãî ìåòîäà.
1. Êîíå÷íîìåðíûå àïïðîêñèìàöèè êâàçèâàðèàöèîííûõ íåðàâåíñòâ
Ïóñòü V  ðåëåêñèâíîå áàíàõîâî ïðîñòðàíñòâî ñ ðàâíîìåðíî âûïóêëûì ñî-
ïðÿæåííûì ïðîñòðàíñòâîì V ∗, 〈·, ·〉  îòíîøåíèå äâîéñòâåííîñòè ìåæäó V è V ∗ ,
M ⊂ V  íåïóñòîå, ñëàáî çàìêíóòîå, âîîáùå ãîâîðÿ, íåâûïóêëîå ìíîæåñòâî, îïå-
ðàòîð A : V → V ∗, ÿâëÿåòñÿ:
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• ïñåâäîìîíîòîííûì, òî åñòü (ñì. [5, ñ. 190℄) A îãðàíè÷åí, è äëÿ ëþáîé ïîñëå-
äîâàòåëüíîñòè {uk}
+∞
k=1 , ñõîäÿùåéñÿ ñëàáî ê u â V , èç íåðàâåíñòâà
lim sup
k→+∞
〈Auk, uk − u〉 ≤ 0
âûòåêàåò, ÷òî
lim inf
k→+∞
〈Auk, uk − η〉 ≥ 〈Au, u− η〉 ∀ η ∈ V ;
• ïîòåíöèàëüíûì, ïðè÷åì èìååò ìåñòî ñîîòíîøåíèå
1∫
0
[
〈A(t η), η〉 − 〈A(tu), u − η〉 − 〈A(u + t (η − u)), η − u〉
]
dt = 0 ∀u, η ∈ V ; (1)
• êîýðöèòèâíûì, òî åñòü
〈Aη, η〉 ≥ ρ(‖η‖V )‖η‖V ∀ η ∈ V, ãäå lim
ξ→+∞
ρ(ξ) = +∞ ; (2)
• îãðàíè÷åííî ëèïøèö-íåïðåðûâíûì, òî åñòü (ñðàâíè ñ [6, ñ. 79℄)
‖Au −Aη‖V ∗ ≤ µA(R)Ψ (‖u− η‖V ) ∀u, η ∈ V, (3)
ãäå R = max{‖u‖V , ‖η‖V } , µ  íåóáûâàþùàÿ íà [ 0,+∞ ) óíêöèÿ, Ψ  íåïðåðûâ-
íàÿ, ñòðîãî âîçðàñòàþùàÿ íà [ 0,+∞ ) óíêöèÿ òàêàÿ, ÷òî Ψ(0) = 0 , Ψ(ξ) → +∞
ïðè ξ → +∞ .
Îïðåäåëèì äëÿ êàæäîãî u ∈ M âûïóêëîå çàìêíóòîå ìíîæåñòâî K(u) ⊆ M ,
ñîäåðæàùåå u .
àññìàòðèâàåòñÿ çàäà÷à ïîèñêà ýëåìåíòà u ∈ M , ÿâëÿþùåãîñÿ äëÿ çàäàííîãî
f ∈ V ∗ ðåøåíèåì êâàçèâàðèàöèîííîãî íåðàâåíñòâà
〈Au, η − u〉 ≥ 〈f, η − u〉 ∀ η ∈ K(u). (4)
Îïðåäåëèì óíêöèîíàë F : V → R 1 ñîîòíîøåíèåì
F (η) = F0(η) − 〈f, η〉, F0(η) =
1∫
0
〈A(t η), η〉 dt. (5)
Ïðè ýòîì èç (1) è (5) âûòåêàåò, ÷òî
F (η)− F (u) =
1∫
0
〈A(u+ t (η − u)), η − u〉 dt− 〈f, η − u〉 ∀u, η ∈ V.
Îòìåòèì, ÷òî â ñèëó óñëîâèÿ (2) óíêöèîíàë F êîýðöèòèâåí:
lim
‖ η ‖V→+∞
F (η) ≥ lim
‖ η ‖V→+∞
‖ η ‖V∫
0
( ρ(ξ)− ‖f‖V ∗) d ξ = +∞.
Ïåðåéäåì ê ïîñòðîåíèþ êîíå÷íîìåðíûõ àïïðîêñèìàöèé çàäà÷è (4).
Êàæäîìó ïàðàìåòðó h èç ìíîæåñòâà {hα}α∈Σ ïîñòàâèì â ñîîòâåòñòâèå êîíå÷-
íîìåðíîå ïîäïðîñòðàíñòâî Vh ïðîñòðàíñòâà V è íåïóñòîå, çàìêíóòîå ìíîæåñòâî
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Mh ⊂ Vh , à êàæäîìó uh ∈ Mh  âûïóêëîå, çàìêíóòîå ìíîæåñòâî Kh(uh) ⊆ Mh ,
ñîäåðæàùåå uh .
Ïðåäïîëàãàåì, ÷òî Vh àïïðîêñèìèðóþò V , òî åñòü ñóùåñòâóþò òàêèå îïåðàòîðû
rh : V → Vh (îïåðàòîðû ñóæåíèÿ èç V íà Vh ), ÷òî
lim
h→0
‖rhη − η‖V = 0 ∀ η ∈ V. (6)
Ñ÷èòàåì òàêæå âûïîëíåííûìè ñëåäóþùèå óñëîâèÿ:
(I) Äëÿ ëþáîãî η ∈M ñóùåñòâóåò òàêàÿ ïîñëåäîâàòåëüíîñòü {ηhk }
+∞
k=1 ,
lim
k→+∞
hk = 0 , ηhk ∈Mhk , k = 1, 2, . . ., ÷òî
lim
k→+∞
‖ηhk − η‖V = 0;
(II) Åñëè ïîñëåäîâàòåëüíîñòü {ηhk}
+∞
k=1 , lim
k→+∞
hk = 0 , ηhk ∈Mhk , k = 1, 2, . . .,
ñëàáî ñõîäèòñÿ â V ê η , òî η ∈M , è äëÿ ëþáîãî v ∈ K(η) ñóùåñòâóåò ïîñëåäîâà-
òåëüíîñòü {vhk}
+∞
k=1 , lim
k→+∞
hk = 0 , vhk ∈ Khk (ηhk ) , k = 1, 2, . . ., òàêàÿ, ÷òî
lim
k→+∞
‖vhk − v‖V = 0;
(III) Åñëè ïîñëåäîâàòåëüíîñòü
{
η
(k)
h
}+∞
k=1
⊂ Mh ñõîäèòñÿ ê η , òî äëÿ ëþáî-
ãî vh ∈ Kh(ηh) ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü
{
v
(k)
h
}+∞
k=1
, v
(k)
h ∈ Kh
(
η
(k)
h
)
,
k = 1, 2, . . ., òàêàÿ, ÷òî
lim
k→+∞
∥∥∥v (k)h − vh ∥∥∥
V
= 0.
Çàäà÷å (4) ïîñòàâèì â ñîîòâåòñòâèå ñåìåéñòâî àïïðîêñèìèðóþùèõ çàäà÷, çà-
êëþ÷àþùèõñÿ â íàõîæäåíèè ýëåìåíòîâ uh ∈Mh òàêèõ, ÷òî
〈Auh, ηh − uh〉 ≥ 〈f, ηh − uh〉 ∀ ηh ∈ Kh(uh). (7)
Äëÿ ðåøåíèÿ êâàçèâàðèàöèîííîãî íåðàâåíñòâà (7) ðàññìîòðèì ñëåäóþùèé èòå-
ðàöèîííûé ïðîöåññ, ïîçâîëÿþùèé ñâåñòè åå ê âàðèàöèîííîìó íåðàâåíñòâó ñ îïå-
ðàòîðîì äâîéñòâåííîñòè, îáëàäàþùèì ñóùåñòâåííî áîëåå ëó÷øèìè ñâîéñòâàìè ïî
ñðàâíåíèþ ñ èñõîäíûì ïñåâäîìîíîòîííûì îïåðàòîðîì.
Ïóñòü u
(0)
h  ïðîèçâîëüíûé ýëåìåíò èç Mh . Äëÿ k = 0, 1, 2, . . . îïðåäåëèì âåêòîð
u
(k+1)
h ∈ Kh(u
(k)
h ) êàê ðåøåíèå âàðèàöèîííîãî íåðàâåíñòâà
〈J(u
(k+1)
h − u
(k)
h ), ηh − u
(k+1)
h 〉 ≥ τ 〈f −Au
(k)
h , ηh − u
(k+1)
h 〉 ∀ ηh ∈ Kh(u
(k)
h ), (8)
ãäå τ > 0  èòåðàöèîííûé ïàðàìåòð, J : V → V ∗  îïåðàòîð äâîéñòâåííîñòè,
ïîðîæäàåìûé óíêöèåé Ψ èç (3):
〈Jη, η〉 = ‖J η ‖V ∗ ‖η ‖V = Ψ(‖η ‖V ) ‖η ‖V ∀ η ∈ V.
Ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ âàðèàöèîííîãî íåðàâåíñòâà (8) ñëåäóåò
èç ñòðîãîé ìîíîòîííîñòè è íåïðåðûâíîñòè îïåðàòîðà äâîéñòâåííîñòè [5, ñ. 186187℄.
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Èìåþò ìåñòî ñëåäóþùèå ðåçóëüòàòû (ñì. [3℄).
Òåîðåìà 1. Ïóñòü îïåðàòîð A : V → V ∗ ÿâëÿåòñÿ ïñåâäîìîíîòîííûì, îãðà-
íè÷åííî ëèïøèö-íåïðåðûâíûì, ïîòåíöèàëüíûì è êîýðöèòèâíûì, âûïîëíåíû
óñëîâèÿ (I), (III),
0 < τ < min{1, 1/µ0}, µ0 = µ
(
d
h
0 +Ψ
−1(d
h
1 )
)
,
ãäå
d
h
0 = sup
u∈S0
h
‖uh‖V , d
h
1 = sup
u∈S0
h
‖Au− f‖V ∗ , S
h
0 = {uh ∈Mh : F (uh) ≤ F (u
(0)
h )}.
Òîãäà èòåðàöèîííàÿ ïîñëåäîâàòåëüíîñòü
{
u
(k)
h
}+∞
k=0
, ïîñòðîåííàÿ ñîãëàñíî (8),
îãðàíè÷åíà â V :
{u
(k)
h }
+∞
k=0 ⊂ S
h
0 , ‖u
(k)
h ‖ ≤ d
h
0 , k = 0, 1, 2, . . . , (9)
è âñå åå ñëàáî ïðåäåëüíûå òî÷êè ÿâëÿþòñÿ ðåøåíèÿìè êâàçèâàðèàöèîííîãî íåðà-
âåíñòâà (7).
Òåîðåìà 2. Ïóñòü îïåðàòîð A : V → V ∗ ÿâëÿåòñÿ ïñåâäîìîíîòîííûì è êîýð-
öèòèâíûì, âûïîëíåíû óñëîâèÿ (I)(III), uh  ðåøåíèÿ çàäà÷ (7). Òîãäà ñóùåñòâó-
åò ïîñëåäîâàòåëüíîñòü {hk}
+∞
k=1 , hk → 0 ïðè k → +∞ òàêàÿ, ÷òî uhk ñõîäèòñÿ
ñëàáî â V ê íåêîòîðîìó ðåøåíèþ u çàäà÷è (4) ïðè k → +∞ .
Áîëåå òîãî, ëþáàÿ ñëàáî ïðåäåëüíàÿ òî÷êà u∗ ñåìåéñòâà {uh} ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è (4), ïðè÷åì åñëè {uhk}
+∞
k=1  ïîäïîñëåäîâàòåëüíîñòü, ñõîäÿùàÿñÿ
ñëàáî â V ê u∗ ïðè k → +∞ , òî
lim
k→+∞
〈Auhk −Au∗, uhk − u∗〉 = 0. (10)
Çàìå÷àíèå 1. Èç òåîðåìû 1 ñëåäóåò ñóùåñòâîâàíèå ðåøåíèÿ êâàçèâàðèàöè-
îííîãî íåðàâåíñòâà (7), à èç ñîîòíîøåíèÿ (9)  ðàâíîìåðíàÿ îãðàíè÷åííîñòü ïî h
ñåìåéñòâà {uh} :
‖uh‖V ≤ d0. (11)
2. Ïîñòðîåíèå è èññëåäîâàíèå ñõåì ÌÊÝ
äëÿ çàäà÷ òåîðèè ìÿãêèõ ñåò÷àòûõ îáîëî÷åê
àññìîòðèì òåïåðü çàäà÷ó îá îïðåäåëåíèè ïîëîæåíèÿ ðàâíîâåñèÿ ìÿãêîé áåñêî-
íå÷íî äëèííîé öèëèíäðè÷åñêîé îáîëî÷êè, çàêðåïëåííîé ïî êðàÿì è íàõîäÿùåéñÿ
ïîä âîçäåéñòâèåì ìàññîâûõ ñèë è ñëåäÿùåé ïîâåðõíîñòíîé íàãðóçêè, îïèñûâàåìàÿ
ñëåäóþùåé ñèñòåìîé äèåðåíöèàëüíûõ óðàâíåíèé (ñì. [7℄):
−
d
ds
(
T (λ)
λ
dw
ds
)
+ q(s)Q
dw
ds
+ f˜(s) = 0, 0 < s < l, (12)
ãäå Q =
(
0 −1
1 0
)
, s  äóãîâàÿ êîîðäèíàòà òî÷êè îáîëî÷êè, îòñ÷èòûâàåìàÿ ïî
êîíòóðó ñå÷åíèÿ â íåäåîðìèðîâàííîì ñîñòîÿíèè îáîëî÷êè, w = (w1, w2)  êîîð-
äèíàòû òî÷åê â äåêàðòîâîé ñèñòåìå êîîðäèíàò (x1, x2) , ââåäåííîé â ïîïåðå÷íîì
ñå÷åíèè îáîëî÷êè, λ(u) =
(
(w1
′)
2
+ (w2
′)
2
)1/2
 îòíîñèòåëüíûå óäëèíåíèÿ òî÷åê
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îáîëî÷êè, T (λ)  êàñàòåëüíûå óñèëèÿ â îáîëî÷êå, f˜ =
(
f˜1, f˜2
)
è q  ïîãîííûå
ïëîòíîñòè ìàññîâûõ ñèë è ñëåäÿùåé ïîâåðõíîñòíîé íàãðóçêè ñîîòâåòñòâåííî.
Îòíîñèòåëüíî óíêöèè T , õàðàêòåðèçóþùåé ìàòåðèàë îáîëî÷êè, ïðåäïîëàãà-
åì, ÷òî îíà ÷òî îíà ÿâëÿåòñÿ íåîòðèöàòåëüíîé, íåïðåðûâíîé, íåóáûâàþùåé óíê-
öèåé, ðàâíîé íóëþ ïðè λ ≤ 1 (òî åñòü îáîëî÷êà íå âîñïðèíèìàåò ñæèìàþùèõ óñè-
ëèé), è ñóùåñòâóþò c2 > c1 > 0 , p ≥ 2 òàêèå, ÷òî
c1(λ− 1)
p−1 ≤ T (λ) ≤ c2(λ− 1)
p−1
ïðè λ ≥ 1. (13)
Îòíîñèòåëüíî óíêöèè q ïðåäïîëàãàåì, ÷òî

q ∈ L∞ (0, l) ïðè p > 2,
|q(s)| ≤ c3 < c1, s ∈ (0, l) ïðè p = 2.
(14)
Óðàâíåíèÿ (12) äîïîëíÿþòñÿ ãðàíè÷íûìè óñëîâèÿìè
w1(0) = 0, w2(0) = 0, w1(l) = 0, w2(l) = l.
Äëÿ ó÷åòà âçàèìîäåéñòâèÿ îáîëî÷êè ñ ïðåïÿòñòâèåì äîáàâèì â (12) íîâîå ñëà-
ãàåìîå λP0 , ãäå P0  ïëîòíîñòü ñèëû ðåàêöèè ïðåïÿòñòâèÿ.
−
d
ds
(
T (λ)
λ
dw
ds
)
+ q(s)Q
dw
ds
+ f˜(s) + λP0 = 0, 0 < s < l. (15)
Îòìåòèì, ÷òî P0 ÿâëÿåòñÿ, íàðÿäó ñ w , âåëè÷èíîé íåèçâåñòíîé.
Ïîëàãàåì, ÷òî ïîâåðõíîñòü ïðåïÿòñòâèÿ âî ââåäåííîé ñèñòåìå êîîðäèíàò çàäà-
åòñÿ â âèäå x2 = F (x1) ãäå F  íåïðåðûâíî-äèåðåíöèðóåìàÿ âîãíóòàÿ óíêöèÿ
òàêàÿ, ÷òî F (0) ≤ 0, F (l) ≤ 0 , òî åñòü îáîëî÷êà íàõîäèòñÿ íàä ïðåïÿòñòâèåì.
Ìàòåðèàë, èç êîòîðîãî ñäåëàíî ïðåïÿòñòâèå, áóäåì ñ÷èòàòü àáñîëþòíî òâåðäûì,
à ïîâåðõíîñòü ïðåïÿòñòâèÿ  àáñîëþòíî ãëàäêîé, òî åñòü âçàèìîäåéñòâèå îáîëî÷êè
ñ ïðåïÿòñòâèåì ïîðîæäàåò óñèëèÿ, íàïðàâëåííûå òîëüêî ïî âíåøíåé íîðìàëè ê
ïîâåðõíîñòè ïðåïÿòñòâèÿ. Ïîýòîìó ïëîòíîñòü ñèëû ðåàêöèè ïðåïÿòñòâèÿ ìîæíî
çàïèñàòü â âèäå:
P0(s) = β N(w1(s)),
ãäå n(ξ ) = Q
τ (ξ )
| τ (ξ )|
 åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ïîâåðõíîñòè ïðåïÿò-
ñòâèÿ, τ (ξ ) = ( 1, F ′(ξ )) , β  íåèçâåñòíàÿ óíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì
β ≥ 0, s ∈ Iw; β = 0, s /∈ Iw , (16)
Iw = {t ∈ (0, l) : w2(t) = F (w1(t))}  êîèíöèäåíòíîå ìíîæåñòâî, òî åñòü ìíîæåñòâî
òåõ òî÷åê, ãäå îáîëî÷êà êîíòàêòèðóåò ñ ïðåïÿòñòâèåì.
Ââåäåì òåïåðü ìíîæåñòâî îãðàíè÷åíèé êîíèãóðàöèé îáîëî÷êè ïðåïÿòñòâèåì,
èëè ìíîæåñòâî äîïóñòèìûõ êîíèãóðàöèé
M = { η : η 2 ≥ F ( η1 ), s ∈ (0, l); η(0) = (0, 0), η (l) = (l, 0) } ,
ïðèíàäëåæíîñòü êîòîðîìó îçíà÷àåò, ÷òî îáîëî÷êà íå ìîæåò íàõîäèòüñÿ íèæå ïðå-
ïÿòñòâèÿ. Îòìåòèì, ÷òî ìíîæåñòâî M ñëàáî çàìêíóòî, íî, âîîáùå ãîâîðÿ, íåâû-
ïóêëî.
Ïîä ðåøåíèåì ðàññìàòðèâàåìîé çàäà÷è ìû áóäåì ïîíèìàòü óíêöèè w ∈ M
è β , óäîâëåòâîðÿþùèå óðàâíåíèþ (15) è óñëîâèþ (16).
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Ïðèâåäåì âàðèàöèîííóþ ïîñòàíîâêó ðàññìàòðèâàåìîé çàäà÷è. Ïóñòü
∆ = {x = (x1, x2) : x2 ≤ F (x1)} .
Äëÿ v ∈M ââåäåì óíêöèþ P v = (P v1 , P
v
2 ) ,
P v(s) = arg min
x(s) ∈ ∆
{ |x(s) − v(s) | } .
Îòìåòèì, ÷òî P v(s)  îïåðàòîð ïðîåêòèðîâàíèÿ íà âûïóêëîå çàìêíóòîå ìíîæåñòâî
∆ , à çíà÷èò, îí îïðåäåëåí äëÿ ëþáîãî s è ÿâëÿåòñÿ ëèïøèö-íåïðåðûâíûì.
Îïðåäåëèì äàëåå ìíîæåñòâî K(v) :
K(v) = {η ∈M : (η(s)− P v(s), n(P v1 (s))) ≥ 0, 0 ≤ s ≤ l}.
Âàðèàöèîííàÿ ïîñòàíîâêà ðàññìàòðèâàåìîé çàäà÷è ñîñòîèò â íàõîæäåíèè
óíêöèè w ∈M , ÿâëÿþùåéñÿ ðåøåíèåì êâàçèâàðèàöèîííîãî íåðàâåíñòâà
l∫
0
T (λ(w))
λ(w)
(w′, η′ − w′) ds−
l∫
0
(λ q˜ + f˜ , η − w) ds ≥ 0 ∀ η ∈ K(w). (17)
Ñëåäóÿ [2℄, íåòðóäíî óñòàíîâèòü, ÷òî ñïðàâåäëèâà
Òåîðåìà 3. Ïóñòü w , β  ðåøåíèå ïîòî÷å÷íîé çàäà÷è (15), (16). Òîãäà w
ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (17). Íàîáîðîò, åñëè óíêöèÿ w  ðåøåíèå çàäà÷è
(17), óíêöèè w è T äîñòàòî÷íî ãëàäêèå, òî w , β  ðåøåíèå ïîòî÷å÷íîé çàäà÷è
(15), (16), ãäå β èìååò ñëåäóþùèé âèä:
β(s) =
|D(w(s)) |
λ(s)
, D(w(s)) =
(
T (λ)w′
|w′ |
)′
+ λ q˜ + f˜ .
Îáîáùåííàÿ ïîñòàíîâêà çàäà÷è (17) îðìóëèðóåòñÿ â ïåðåìåùåíèÿõ, ïðè ýòîì
ïîñêîëüêó êðàÿ îáîëî÷êè çàêðåïëåíû, òî ïåðåìåùåíèÿ íà êîíöàõ ðàâíû íóëþ.
Ñâÿçü ìåæäó êîîðäèíàòàìè òî÷åê îáîëî÷êè w è ïåðåìåùåíèÿìè u˜ îïðåäåëÿåò-
ñÿ ñîîòíîøåíèåì w =
◦
w +u˜ (
◦
w
 óíêöèÿ, îïèñûâàþùàÿ ïîëîæåíèå îáîëî÷êè â
íåäåîðìèðîâàííîì ñîñòîÿíèè):
◦
w= (
◦
w1,
◦
w2),
◦
w1 (s) = s,
◦
w2 (s) = 0, s ∈ [0, l]
Ïóñòü V =
[ ◦
W
(1)
p (0, 1)
]2
ñ íîðìîé ‖ · ‖ . Ñîïðÿæåííûì ê V áóäåò ïðîñòðàíñòâî
V ∗ =
[
◦
W
(−1)
p∗ (0, l)
]2
, p∗ = p/(p − 1) , îáîçíà÷èì ÷åðåç 〈·, ·〉 îòíîøåíèå äâîéñòâåí-
íîñòè ìåæäó V è V ∗ .
Îáîçíà÷èì u(s) = (u1, u2) , ãäå u1(s) = u˜1(s) + s , u2(s) = u˜2(s) ; ïðè ýòîì
λ(u) = |u′(s)| .
Î÷åâèäíî, ÷òî ìíîæåñòâî äîïóñòèìûõ êîíèãóðàöèé îáîëî÷êè â ïåðåìåùåíèÿõ
åñòü
M = { u ∈ V : u2 ≥ F (u1), s ∈ (0, l)} . (18)
Îïðåäåëèì äàëåå ìíîæåñòâî
K(u) = {η ∈M : (η(s)− Pu(s), n(Pu1 (s))) ≥ 0, 0 ≤ s ≤ l},
ãäå n  âåêòîð åäèíè÷íîé âíåøíåé íîðìàëè ê ìíîæåñòâó ∆ .
110 È.Á. ÁÀÄÈÅÂ È Ä.
Ïîä îáîáùåííûì ðåøåíèåì îïèñàííîé âûøå çàäà÷è ïîíèìàåòñÿ óíêöèÿ
u ∈M , ÿâëÿþùàÿñÿ ðåøåíèåì êâàçèâàðèàöèîííîãî íåðàâåíñòâà (ñì. [1℄):
〈A0u+Bu, η − u〉 ≥ 〈f, η − u〉 ∀ η ∈ K(u), (19)
ãäå îïåðàòîðû A0, B : V → V
∗
è ýëåìåíò f ∈ V ∗ ïîðîæäàþòñÿ îðìàìè
〈A0u, η〉 =
l∫
0
T (λ)
λ
(
du
ds
,
dη
ds
)
ds, 〈Bu, η〉 =
l∫
0
q(s)
(
Q
du
ds
, η
)
ds,
〈f, η〉 =
l∫
0
(
f˜ , η
)
ds.
Â ðàáîòå [8℄ äîêàçàíî, ÷òî îïåðàòîð A = A0 + B ÿâëÿåòñÿ ïñåâäîìîíîòîííûì,
ïîòåíöèàëüíûì è êîýðöèòèâíûì. Â [9℄ óñòàíîâëåíî, ÷òî îïåðàòîð B ëèïøèö-
íåïðåðûâåí, è äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {uk}
+∞
k=1 , ñõîäÿùåéñÿ ñëàáî ê u â
V ïðè k → +∞, èìååò ìåñòî ñîîòíîøåíèå
lim
k→+∞
〈Buk, uk〉 = 〈Bu, u〉 .
Ïîñòðîèì êîíå÷íîìåðíûå àïïðîêñèìàöèè âàðèàöèîííîãî íåðàâåíñòâà (19). Ââå-
äåì íà îòðåçêå [0, l] ñåòêó
ω¯h = {0 = s0 < s1 < · · · < sN = l} ,
îáîçíà÷èì hi = si+1 − si, i = 0, 1, . . . , N − 1 .
Ïðåäïîëàãàåì, ÷òî ñåòêà ω¯h ÿâëÿåòñÿ ðåãóëÿðíîé, òî åñòü ñóùåñòâóåò ïîñòîÿí-
íàÿ c∗ > 0 .
h
hmin
≤ c∗ ïðè h→ 0,
ãäå
h = max{h0, h1, . . . , hN−1}, hmin = min{h0, h1, . . . , hN−1}.
Îïðåäåëèì òåïåðü êîíå÷íîìåðíîå ïðîñòðàíñòâî Vh , àññîöèèðóåìîå ñ ñåòêîé
ω¯h : Vh = Xh ×Xh , ãäå Xh  ïðîñòðàíñòâî íåïðåðûâíûõ íà [0, l] óíêöèé, ëè-
íåéíûõ íà êàæäîì îòðåçêå [si, si+1] , i = 0, 1, . . . , N − 1 , è îáðàùàþùèõñÿ â íóëü
ïðè s = 0 è s = l . Â êà÷åñòâå áàçèñà â Vh âûáåðåì óíêöèè ϕk = (ϕk,1, ϕk,2) ∈ Vh ,
k = 1, . . . , 2(N − 1) , îïðåäåëåííûå íà [0, l] ïî îðìóëå
ϕk,1(si) =
{
1, k = i
0, k 6= i
, ϕk,2(sk) = 0, k = 1, 2, . . . , N − 1,
ϕk,1(si) = 0, ϕk,2(si) =
{
1, , k − (N − 1) = i
0, k − (N − 1) 6= i
, k = N,N + 1, . . . , 2 (N − 1).
Ëþáàÿ óíêöèÿ uh ∈ Vh ïðè ýòîì ìîæåò áûòü ïðåäñòàâëåíà â âèäå ëèíåéíîé
êîìáèíàöèè
uh,j(s) =
N−1∑
i=1
uh,j(si)
[
ϕi,j(s) + ϕ(N−1)+i,j(s)
]
, j = 1, 2.
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Ìíîæåñòâó M ⊂ V, îïðåäåëåííîìó âûøå, ïîñòàâèì â ñîîòâåòñòâèå ìíîæåñòâî
Mh ⊂ Vh :
Mh =
{
η ∈ Vh : η2(si) ≥ F (η1(si)), i = 0, 1, 2, . . . , N
}
. (20)
Ìíîæåñòâó K(u) ïîñòàâèì â ñîîòâåòñòâèå ìíîæåñòâî
Kh(uh) =
{
η ∈Mh :
(
η(si)− P
uh(si), n(P
uh
1 (si))
)
≥ 0, i = 0, 1, 2, . . . , N
}
, (21)
à çàäà÷å (19) ïîñòàâèì â ñîîòâåòñòâèå àïïðîêñèìèðóþùóþ êîíå÷íîìåðíóþ çàäà÷ó,
ïîèñêà óíêöèè uh ∈Mh , ÿâëÿþùåéñÿ ðåøåíèåì êâàçèâàðèàöèîííîãî íåðàâåíñòâà
〈Auh − f, ηh − uh〉 ≥ 0 ∀ ηh ∈ Kh(uh), (22)
Ïîëîæèì
(rhη)j(s) =
N−1∑
i=1
ηh,j(si)
[
ϕi,j(s) + ϕ(N−1)+i,j(s)
]
, j = 1, 2.
Èìåþò ìåñòî ñëåäóþùèå ðåçóëüòàòû (èç êîòîðûõ âûòåêàåò, ÷òî ïîñòðîåííûå
íàìè ñåòî÷íûå ñõåìû óäîâëåòâîðÿþò óñëîâèÿì (6), (I), (III)).
Ëåììà 1. Ïóñòü η ∈ V, òîãäà rhη ∈ Vh, lim
h→0
‖rhη − η‖V = 0.
Ëåììà 2. Ïóñòü η ∈M, òîãäà rhη ∈Mh lim
h→0
‖rhη − η‖V = 0, è èìååò ìåñòî
ñâîéñòâî (I).
Ñïðàâåäëèâîñòü ëåììû 1 íåïîñðåäñòâåííî ñëåäóåò èç ðåçóëüòàòîâ ðàáîòû [10℄,
à ëåììû 2  èç îïðåäåëåíèÿ ìíîæåñòâ M , Mh è ëåììû 1.
Ïðîâåðèì, ÷òî äëÿ ìíîæåñòâ Mh , Kh(uh) , çàäàâàåìûõ ñîîòíîøåíèÿìè (20),
(21), âûïîëíÿåòñÿ óñëîâèå (II).
Äëÿ w ∈ K(u) è ε > 0 ââåäåì óíêöèþ wε, wε(s) = w(s) + (0, θε(s)), ãäå
θε(s) =


s ïðè 0 ≤ s ≤ ε,
ε ïðè ε ≤ s ≤ l− ε,
l − s ïðè l− ε ≤ s ≤ l.
(23)
Îáîçíà÷èì e1 = (1, 0) , e2 = (0, 1) . Èç ñîîòíîøåíèé
(n, e2) =
(
Q
τ (ξ )
| τ (ξ )|
, e2
)
=
(
τ (ξ )
| τ (ξ )|
, Qòe2
)
=
=
(
τ (ξ )
| τ (ξ )|
, e1
)
=
1√
(F ′(ξ))2 + 1
> 0 (24)
è îïðåäåëåíèÿ ìíîæåñòâà K(u) âûòåêàåò, ÷òî
(
wε(s)− Pu(s), n(Pu1 (s))
)
=
(
w(s) + (0, θε(s))− Pu(s), n(Pu1 (s))
)
=
=
(
w(s)− Pu(s), n(Pu1 (s))) + (θ
ε)(s)(e2, n(P
k
1 (si))
)
> 0.
Ïîýòîìó wε ∈ K(u).
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Îïðåäåëèì
wεk = Πhkw
ε(s), (25)
ãäå Πh : V → Vh  îïåðàòîð èíòåðïîëèðîâàíèÿ, çàäàâàåìûé ñîîòíîøåíèåì
Πhw(si) = w(si), i = 0, 1, . . . , N, w ∈ V.
Î÷åâèäíî, ÷òî wεk ∈ Khk(u).
Â äàëüíåéøåì íàì ïîòðåáóåòñÿ
Ëåììà 3. Ïóñòü ïîñëåäîâàòåëüíîñòü {hk}
+∞
k=1 ñõîäèòñÿ ê íóëþ, ïîñëåäîâà-
òåëüíîñòü {uhk}
+∞
k=1 èç Mhk ñëàáî ñõîäèòñÿ ê u â V ïðè k → +∞. Òîãäà u ∈M ,
è äëÿ ïðîèçâîëüíîé óíêöèè w ∈ K(u) íàéäåòñÿ òàêîå εw > 0 , ÷òî äëÿ âñÿ-
êîãî ε ∈ (0, εw] íàéäåòñÿ íîìåð kε , íà÷èíàÿ ñ êîòîðîãî âûïîëíåíî âêëþ÷åíèå
wεk ∈ Khk(uhk) , ãäå w
ε
k  óíêöèÿ, îïðåäåëåííàÿ ñîîòíîøåíèåì (25).
Äîêàçàòåëüñòâî. Óñòàíîâèì ïðèíàäëåæíîñòü u ìíîæåñòâó M . Èç ñëàáîé
ñõîäèìîñòè â ïðîñòðàíñòâå V ïîñëåäîâàòåëüíîñòè {uhk}
+∞
k=1 ê u è êîìïàêòíî-
ãî âëîæåíèÿ V â [C(0, l)]2 èìååì ðàâíîìåðíóþ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè
{uhk}
+∞
k=1 :
∀ δ > 0 ∃ kδ : |uhk(α)− u(α) | < δ ∀α ∈ ω¯h, k ≥ kδ . (26)
Ôóíêöèÿ F íåïðåðûâíà, ñëåäîâàòåëüíî, ó÷èòûâàÿ (26) è îïðåäåëåíèå (18) ìíîæå-
ñòâà M , äëÿ ïðîèçâîëüíîé òî÷êè s ∈ ω¯h ïîëó÷àåì íåðàâåíñòâî
F (u1) = lim
k→+∞
F (u1 + uhk,1 − uhk,1) = lim
k→+∞
F (uhk,1) ≤
≤ lim
k→+∞
uhk,2 = lim
k→+∞
uhk,2 − u2 + u2 = u2.
Ýòî è îçíà÷àåò ïðèíàäëåæíîñòü u ìíîæåñòâó M.
Ïðîâåðèì, ÷òî wεk ∈ Khk(uhk) . Îáîçíà÷èì ÷åðåç P
k
h = (P
k
h,1, P
k
h,2) âåêòîð-
óíêöèþ Puhk , à ÷åðåç P k = (P k1 , P
k
2 )  âåêòîð-óíêöèþ P
Πhku. Óñòàíîâèì
ñïðàâåäëèâîñòü íåðàâåíñòâ(
wεk(si)− P
k
h (si), n(P
k
h,1(si))
)
≥ 0, i = 0, 1, . . . , N,
èç êîòîðûõ è áóäåò âûòåêàòü ïðèíàäëåæíîñòü óíêöèè wεk ìíîæåñòâó Khk(uhk).
Èç îïðåäåëåíèÿ ìíîæåñòâà Khk(uhk) ñëåäóåò, ÷òî(
wεk(si)− P
k
h (si), n(P
k
h,1(si))
)
=
=
(
wεk(si)− P
k
h (si)− P
k(si) + P
k(si), n(P
k
h,1(si))
)
=
=
(
wεk(si)− P
k(si), n(P
k
h,1(si))
)
+
(
P k(si)− P
k
h (si), n(P
k
h,1(si))
)
=
=
[(
wεk(si)− P
k(si), n(P
k
1 (si))
)]
+
[(
wεk(si)− P
k(si), n(P
k
h,1(si))− n(P
k
1 (si))
)]
+
+
[(
P k(si)− P
k
h (si), n(P
k
h,1(si))
)]
. (27)
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Îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (27) ñíèçó, à äâà ïîñëåäóþùèõ  ñâåð-
õó. Äëÿ ïåðâîãî ñëàãàåìîãî èìååì:
(
wεk(si)− P
k(si), n(P
k
1 (si))
)
=
(
wk(si) + (0, θ
ε
k)− P
k(si), n(P
k
1 (si))
)
=
=
(
wk(si)− P
k(si), n(P
k
1 (si))
)
+ θεk(si)
(
e2, n(P
k
1 (si))
)
, (28)
ãäå wk(si) = Πhkw(si), θ
ε
k(si) = Πhkθ
ε(si) .
Ïóñòü d  ìèíèìàëüíîå èç ðàññòîÿíèé îò òî÷åê (0, 0) è (l, 0) äî ìíîæåñòâà ∆ ,
uk(si) = Πhku(si) . Ïîñêîëüêó u(0) = (0, 0), u(l) = (l, 0), òî d = min
{
Pu(0), Pu(l)
}
.
Ïîëîæèì r = d/4.
Ââåäåì ìíîæåñòâî Br(x) = {z ∈ R
2 : |z − x| ≤ r} . Âûáåðåì εr > 0 òàê, ÷òîáû

w(s) ∈ Br
(
(0, 0)
)
, u(s) ∈ Br
(
(0, 0)
)
, 0 ≤ s ≤ εr,
w(s) ∈ Br
(
(l, 0)
)
, u(s) ∈ Br
(
(l, 0)
)
, l − εr ≤ s ≤ l.
Òîãäà 

wk(si) ∈ Br
(
(0, 0)
)
, uk(si) ∈ Br
(
(0, 0)
)
, 0 ≤ si ≤ εr,
wk(si) ∈ Br
(
(l, 0)
)
, uk(si) ∈ Br
(
(l, 0)
)
, l − εr ≤ si ≤ l.
Ïîýòîìó(
wk(si)− P
k(si), n(P
k
1 (si))
)
=
=
(
wk(si)− uk(si), n(P
k
1 (si))
)
+
(
uk(si)− P
k(si), n(P
k
1 (si))
)
≥
≥ −‖wk(si)− uk(si)‖+ ‖uk(si)− P
k(si)‖ ≥
≥ −2r + d− r ≥ d− 3r =
1
4
d > 0 ∀ si ∈ [ 0, εr ]
⋃
[ l − εr, l ]. (29)
Èç îïðåäåëåíèÿ ìíîæåñòâà K(u) âûòåêàåò, ÷òî(
wk(si)− P
k(si), n(P
k
1 (si))
)
≥ 0 ∀ si ∈ [ εr , l− εr ]. (30)
Ïîñêîëüêó óíêöèÿ (e2, n(P
k
1 (·))) ÿâëÿåòñÿ íåïðåðûâíîé, à â ñèëó (24)  ïîëî-
æèòåëüíîé, òî îíà íà êîìïàêòå [ 0, l ] äîñòèãàåò ìèíèìóìà:
δ1 = min
0≤s≤l
(
e2, n(P
k
1 (s))
)
.
Îòñþäà è èç (23) ñëåäóåò, ÷òî
θεk(si)
(
e2, n(P
k
1 (si))
)
≥ δ1 ε ∀ ε ∈ (0, εr) ∀ si ∈ [ εr , l − εr ]. (31)
Êðîìå òîãî, â ñèëó (24)
θεk(si)
(
e2, n(P
k
1 (si))
)
≥ 0 ∀ si ∈ [ 0, εr ]
⋃
[ l − εr, l ]. (32)
Èñïîëüçóÿ (29)(32), èç (28) ïîëó÷àåì:
(
wεk(si)− P
k(si), n(P
k
1 (si))
)
≥ δ1 ε ∀ ε ∈ (0, εw), εw = min
{
εr,
d
4 δ1
}
.
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Îöåíèì âòîðîå ñëàãàåìîå â (27). Ïîñêîëüêó F ∈ C1(R 1) , òî ‖n(s)− n(t)‖ → 0
ïðè s→ t. Äàëåå, Mh  îãðàíè÷åííîå ìíîæåñòâî, ïîýòîìó äëÿ ëþáîãî δ2 > 0
ñóùåñòâóåò iδ2 òàêîå, ÷òî äëÿ âñåõ k > iδ2 ñïðàâåäëèâà îöåíêà(
wεk(si)− P
k(si), n(P
k
h,1(si))− n(P
k
1 (si))
)
≤
≤ max
i=0,1,...,N
‖wεk(si)− P
k(si) ‖ ‖n(P
k
h,1(si))− n(P
k
1 (si))‖≤ δ2 . (33)
Ïåðåéäåì ê îöåíêå òðåòüåãî ñëàãàåìîãî â (27). Ïîñêîëüêó óíêöèÿ Pu ëèïøèö-
íåïðåðûâíà, òî ‖P k(si)− P
k
h (si)‖ ≤ ‖Πhku(si)− uhk(si)‖ . Ó÷èòûâàÿ (26), óñòàíàâ-
ëèâàåì, ÷òî ñïðàâåäëèâà îöåíêà
|(P k(si)− P
k
h (si), n(P
k
h,1(si))| ≤ ‖uk(si)− uhk(si)‖ ≤ δ3.
Èòàê, äëÿ ëþáîãî ε ∈ [0, εw], âûáðàâ kε = kδ , δ = δ1 ε òàêèå, ÷òî ïðè k >
> kε âûïîëíåíû íåðàâåíñòâà δ2 ≤ δ1 ε/3, δ3 ≤ δ1 ε/3 , ïîëó÷èì, ÷òî ñïðàâåäëèâî
íåðàâåíñòâî (
wεk(si)− P
k
h (si), n(P
k
h,1(si))
)
≥
δ
3
> 0,
è, ñëåäîâàòåëüíî, wεk ∈ Khk(uhk).
Èìååò ìåñòî
Òåîðåìà 4. Ïóñòü uh ∈ Mh, uh ⇀ u â V ïðè h → 0, òîãäà äëÿ ëþáîãî
w ∈ K(u) íàéäóòñÿ wh òàêèå, ÷òî
wh ∈ Kh(uh), (34)
lim
h→0
‖wh − w‖ = 0.
Äîêàçàòåëüñòâî. Çàäàäèì óáûâàþùóþ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ
÷èñåë {εk}
+∞
k=1 , ñõîäÿùóþñÿ ê íóëþ è ïðèíàäëåæàùóþ èíòåðâàëó [0, εw]. Äëÿ êàæ-
äîãî εk , ñîãëàñíî ëåììå 3, âûáåðåì hk òàê, ÷òîáû w
ε
k ∈ Kh(uh) äëÿ h ≤ hk < hk−1.
Ïîëîæèì wh = uh ïðè h1 > h > h2 è wh = w
ε
k ïðè hk+1 < h < hk. Òîãäà â ñèëó
ëåììû 3 äëÿ ïîñòðîåííîé ïîñëåäîâàòåëüíîñòè âûïîëíåíî óñëîâèå (34).
Äàëåå èìååì
‖w − wh‖ = ‖Πhkθ
ε‖ → 0 ïðè εk → 0,
òî åñòü ïðè k →∞ , ñëåäîâàòåëüíî, ïðè h→ 0. Òàêèì îáðàçîì, äëÿ ìíîæåñòâ Mh
è Kh , çàäàííûõ ñîîòíîøåíèåì (20), (21), âûïîëíåíî óñëîâèå (II).
Íàì ïîòðåáóåòñÿ òåïåðü ñëåäóþùèé ðåçóëüòàò (ñì. [11, 12℄):
Ëåììà 4. Ïóñòü âûïîëíåíû óñëîâèÿ (13), (14), ïîñëåäîâàòåëüíîñòü
{
u(k)
}+∞
k=1
èç V ñëàáî ñõîäèòñÿ â V ïðè k → +∞ ê u , îïåðàòîð A0 : V → V
∗, óäîâëåòâî-
ðÿåò ñîîòíîøåíèþ lim
k→+∞
〈
A0u
(k) −A0u, u
(k) − u
〉
= 0. Òîãäà
lim
k→+∞
∫
Ω+u
∣∣∣∣∣ d
(
u(k) − u
)
ds
∣∣∣∣∣
p
ds = 0,
ãäå Ω+u = {s ∈ (0, 1) : λ(u) > 1}.
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Ñïðàâåäëèâà
Òåîðåìà 5. Ïóñòü q ≡ const . Òîãäà:
1) çàäà÷à (22) èìååò, ïî êðàéíåé ìåðå, îäíî ðåøåíèå;
2) ñóùåñòâóåò ïîëîæèòåëüíàÿ ïîñòîÿííàÿ c4 , íå çàâèñÿùàÿ îò h , òàêàÿ,
÷òî ‖uh‖V ≤ c4 ;
3) ëþáàÿ ñëàáî ïðåäåëüíàÿ òî÷êà u ñåìåéñòâà {uh} ÿâëÿåòñÿ ðåøåíèåì çàäà-
÷è (19), ïðè÷åì, åñëè {uhk}
+∞
k=1  ïîäïîñëåäîâàòåëüíîñòü, ñëàáî ñõîäÿùàÿñÿ ïðè
k → +∞ â V ê u , òî
lim
k→+∞
‖uhk − u‖Y = 0, (35)
lim
k→+∞
∫
Ω+u
∣∣∣∣d (uhk − u)ds
∣∣∣∣
p
ds = 0. (36)
Åñëè óíêöèÿ T óäîâëåòâîðÿåò òàêæå óñëîâèþ
T (ξ)− T (ζ)
ξ − ζ
≤ c5(1 + ξ + ζ)
p−2 ∀ ξ, ζ ∈ R1 > 0, c5 > 0, (37)
òî
lim
k→+∞
∥∥∥∥T
(
duhk
ds
)
− T
(
du
ds
)∥∥∥∥
Lγ
= 0, γ = min(2, p ′), p ′ =
p
p− 1
. (38)
Äîêàçàòåëüñòâî. Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (22), à òàêæå òî, ÷òî ëþ-
áàÿ ñëàáî ïðåäåëüíàÿ òî÷êà u ñåìåéñòâà {uh} ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (19),
âûòåêàåò èç òåîðåìû 2. Ñîîòíîøåíèå (35) ñëåäóåò èç êîìïàêòíîñòè âëîæåíèÿ V â
Y = Lp(Ω)× Lp(Ω) , ñîîòíîøåíèå (36)  èç (10) è ëåììû 4.
Äàëåå, ñëåäóÿ [13℄, íåòðóäíî ïðîâåðèòü, ÷òî ïðè âûïîëíåíèè óñëîâèÿ (37) ñó-
ùåñòâóåò ïîñòîÿííàÿ c6 > 0 òàêàÿ, ÷òî ñïðàâåäëèâî íåðàâåíñòâî∥∥∥∥T
(
dη
ds
)
− T
(
dw
ds
)∥∥∥∥
2
Lγ
≤ c6 〈A0η −A0w, η − w〉 ∀ η, w ∈ V.
Èç ýòîãî íåðàâåíñòâà è ñîîòíîøåíèÿ (10) è âûòåêàåò (38).
àáîòà âûïîëíåíà ïðè èíàíñîâîé ïîääåðæêå îññèéñêîãî îíäà óíäàìåí-
òàëüíûõ èññëåäîâàíèé (ïðîåêòû  06-01-00633, 07-01-00674, 08-01-00676).
Summary
I.B. Badriev, V.V. Banderov, O.A. Zadvornov. On Approximative Methods for Solving
Quasi-Variational Inequalities of the Soft Network Shells Theory.
The artile investigates the onvergene of the nite element shemes for the problem of
nding an equilibrium position of a soft network shells subjeted to mass fores and following
surfae load. The onvergene proof is based on onstruting an iterative method of solving
the nite dimensional approximation of quasi-variational inequality arising by mathematial
formulation of the problem onsidered.
Key words: quasi-variational inequalities, soft network shells, nite element method,
iterative methods.
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